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Abstract To sustain the continuously increasing air traffic demand, the future air traffic management system will rely
on a so-called Trajectory Based Operations (TBO) concept that will increase air traffic capacity by reducing the con-
trollers workload. This will be achieved by transferring tactical conflict detection and resolution tasks to the strategic
planning phase. In this future air traffic management paradigm context, this paper presents a methodology to address
such trajectory planning at nation-wide and continent scale. The proposed methodology aims at minimizing the global
interaction between aircraft trajectories by allocating alternative departure times, alternative horizontal flight paths, and
alternative flight levels to the trajectories involved in the interaction. To improve robustness of the strategic trajectory
planning, uncertainty of aircraft position and aircraft arrival time to any given position on the trajectory are considered.
This paper presents a mathematical formulation of this strategic trajectory planning problem leading to a mixed-integer
optimization problems whose objective function relies on the new concept of interaction between trajectories. A com-
putationally efficient algorithm to compute interaction between trajectories for large-scale applications is presented and
implemented. Resolution methods based on hybrid-metaheuristic algorithms have been developed to solve the above
large-scale optimization problems. Finally, the overall methodology is implemented and tested with air traffic data
taking into account uncertainty over the French and the European airspace, involving more than 30,000 trajectories.
Conflict-free and robust 4D trajectory planning are produced within computational time acceptable for the operation
context, which shows the viability of the approach.
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1 INTRODUCTION
As the global air traffic demand keeps on increas-

ing, congestion problem becomes more and more crit-
ical.One of the key solutions is to balance the air traf-
fic demand and the overall capacity of the Air Traffic
Management (ATM) system. In order to cope with the
increasing demand, the future ATM system will rely
on the trajectory based operations concept. In this
perspective, the key factor to improve the ATM ca-
pacity is an efficient strategic 4D trajectory planning
methodology to compute a conflict-free 4D trajectory
for each aircraft.

In this work, we propose a methodology to ad-
dress such a strategic planning of trajectories at na-
tional and continent scale. The goal of the proposed
method is to separate a given set of aircraft trajecto-
ries in both the three dimensional space and in the
time domain by allocating an alternative flight plan
(route, departure time, FL) to each flight.

Instead of trying to satisfy the capacity constraint,

we focus on minimizing the global interaction be-
tween trajectories. An interaction between trajecto-
ries occurs when two or more trajectories have an
effect on each other; for instance, when trajectories
occupy the same space at the same period of time.
Therefore, contrary to the concept of conflict, the mea-
surement of interaction does not only refer to the vi-
olation of minimum separation requirements. It also
allows us to take into account other separation crite-
ria such as minimum separation time between aircraft
crossing at the same point.

In real-life situations, aircraft may not be able to
follow precisely the assigned 4D trajectory due to ex-
ternal events, such as passenger delays, wind condi-
tions, etc. Besides, aircraft may not be able to fly at
their optimal speed profile in order to satisfy the hard
constraints imposed on the 4D trajectory. To improve
robustness of the deconflicted trajectories and to relax
the 4D trajectory constraints, uncertainties of aircraft
position and arrival time will also be taken into ac-
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count in the strategic trajectory planning process pre-
sented in this paper.

The following section of this paper is organized as
follows. Section 2 reviews previous related works on
aircraft trajectory deconfliction. Section 3 describes
uncertainty model, explains the concept of interac-
tion between trajectories, and presents the trajectory
planning problem in mathematical framework. Sec-
tion 4 proposes an efficient method for detecting in-
teractions between aircraft trajectories in a large-scale
context. Section 5 presents a hybrid-metaheuristic
optimization algorithm which relies on simulated an-
nealing and on a hill-climbing local-search method,
to solve the problem. Finally, numerical results are
presented and discussed in Section 6.

2 PREVIOUS RELATED WORKS
During recent years, there are many research works

in the literature that address the trajectory deconflic-
tion problem considering large-scale air traffic. Air-
craft trajectory deconfliction problem that relies on
genetic algorithm to solve en-route conflicts between
trajectories, taking into account uncertainties of air-
craft velocity, is considered in [12]. The authors pro-
pose two conflict-resolution maneuvers: modifying
the heading, and modifying the flight level. The so-
lutions are provided by GA. It is able to solve all
conflicts involving 7,540 flights considering different
levels of uncertainties within reasonable computation
time.

In [2], the authors consider a 4D trajectory decon-
fliction problem using a ground holding method. Po-
tential conflicts between trajectories are detected by
pairwise comparison. However, in presence of take-
off time uncertainties, the proposed method must al-
locate significant delays in order to solve all the con-
flicts. To increase the degrees of freedom, the same
authors introduce an option to allocate alternative flight
levels in [3]. The results show advantages of using the
flight level allocation technique in terms of reduced
delay, in presence of departure time uncertainties. In
[1], a flight-level allocation technique is used to ad-
dress 4D trajectory deconfliction at the European-continent
scale. However, the proposed method yields residual
potential conflicts.

Another idea to separate trajectories is based on
speed regulations; it is used, for instance in [8]. In
these works, conflict detection and resolution are per-
formed at two layers with different sampling periods
and time windows. Speed regulations introduce ad-
ditional degree of freedom to the trajectory design.
However, it requires numerous extensive and fine-tuned
computations, which are not suitable to implement in
a large-scale problem.

In [9, 10], a Light Propagation Algorithm (LPA)
is introduced to solve potential conflicts between 4D
trajectories, to avoid congested, and bad-weather ar-
eas. The optimal trajectory that solve conflicts are
provided by a Branch-and-Bound (B&B) algorithm.

In [10], to improve robustness of aircraft trajec-
tories, uncertainty is modeled as a time segment. The
uncertainty increases the difficulty of the problem and
reduces the solution space, so that the LPA can re-
move only 88% of the conflicts. The remaining con-
flicts are solved by imposing time constraints called
Required Time of Arrival (RTA).

A methodology to optimize and deconflict aircraft
trajectories in the horizontal plane, in en-route envi-
ronment, and in real time is proposed by the author
of [13]. In this work, aircraft trajectories are decon-
flicted and optimized in the time scale of thirty min-
utes into the future by sequentially computing optimal-
wind and conflict-free trajectories for each aircraft,
considering previously-planned trajectories as obsta-
cles.

However, none of the proposed methodologies is
able to solve globally the trajectory deconfliction prob-
lem due to its size and complexity. Most of the al-
gorithms proposed in the literature rely on the mov-
ing time window strategy to reduce the size of the
problem. This strategy is effective for conflict detec-
tion and resolution in tactical phases. However, when
high-density traffic is involved, it tends to fail to solve
all conflicts.

In this work, we put forward the works presented
in [5, 6, 4, 7]. The proposed 4D trajectory planning
methodology aims at solving conflict between all in-
volving trajectories simultaneously at strategic level.
In these works, optimal 4D trajectories for individ-
ual flights were allocated by solving a combinatorial
optimization problem using a non-population based
hybrid-metaheuristic optimization method.

3 MATHEMATICAL MODELING
This section presents the mathematical model used

to describe our strategic trajectory-planning method-
ology. First, uncertainty of aircraft positions and ar-
rival time based on two different models are charac-
terized. Then, a definition of interaction between tra-
jectories is given. Next, the route / departure-time /
flight level allocation techniques adapted for strategic
trajectory-planning are described. Finally, a mathe-
matical formulation of the interaction minimization
problem is presented.

3.1 Uncertainties
To consider such uncertainties, we rely on the con-

cept of robust optimization, using two different mod-
els of the uncertainty sets.

3.1.1 Deterministic model

Consider an initial 4D trajectory planning speci-
fying that an aircraft must arrive at a given horizontal
point (x, y) at time t. Due to uncertainties, we shall
assume that the real horizontal position, (xr, yr), of
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the aircraft at time t can be in an area defined by a
disk of radius Rh (defined by the user) around (x, y),
as illustrated in Figure 1. In other words, the possible
locations of the aircraft at time t are the elements of
the set: {(xr, yr) : (xr − x)2 + (yr − y)2 ≤ R2

h}.
To ensure horizontal separation of aircraft sub-

jected to such uncertainties, the protection volume has
to be enlarged by a radius of Rh as illustrated in Figure
1. Thus, the robust minimum separation in the hori-
zontal plane, Nr

h, is defined as: Nr
h := Nh + Rh, where

Nh is the minimum horizontal separation of the case
without uncertainty.

In the vertical dimension, we shall assume that
during such a non-level flight phase, the real altitude,
denoted zr, of the aircraft at a given time t lies in a
bounded interval defined by an uncertainty radius Rv
(set by the user) which reduces strongly when the air-
craft reaches its requested flight level. In other words,
the possible altitudes of the aircraft during non-level
flight phase at time t are the elements of the set: {zr :
z − Rv ≤ zr ≤ z + Rv}.

To ensure vertical separation of aircraft subjected
to such uncertainties, the vertical separation require-
ment has to be enlarged by Rv as illustrated in Figure
1. Thus, the robust minimum separation in the verti-
cal dimension, noted Nr

v , is defined as: Nr
v := Nv + Rv,

where Nv is the minimum vertical separation of the
case without uncertainty.

x, y, z
Rv

Nv

possible	  aircra,	  
posi-on	  	  xr, yr, zr

Rh Nh

Figure 1 Possible aircraft position in the 3D space do-
main in presence of deterministic uncertainty.

In addition to the uncertainty in the 3D space do-
main (see Figure 1), aircraft may be subject to uncer-
tainty so that it arrives at a given position with a time
error. Let tε be the maximum time error (defined by
the user). For simplicity, to implement the interaction
detection scheme, we shall assume that tε is chosen so
that it is a multiple of the discretization time step ts.
The real arrival time, noted tr, of aircraft at the same
trajectory point therefore lies in the time interval:

[tP − tε , tP + tε].

where tP is the assigned arrival time to point P.

3.1.2 Probabilistic model

The worst-case-oriented methodology to consider
uncertainty presented above tries to guarantee an in-

teraction free solution over every possible cases of the
given uncertainty set. However, some events corre-
sponding to the points in the uncertainty set have very
low probability to occur. Trying to immune the so-
lution against such events could yield unnecessarily
costly solutions, and can be interpreted as too conser-
vative for a situation involving high levels of uncer-
tainty as it is the case in strategic planning.

As an aircraft is able to follow a given flight pro-
file with very high accuracy thanks to the flight man-
agement system (FMS).We shall consider that the resid-
ual uncertainty of aircraft position is more likely to
occur in the time domain.

Using the maximum time error, tε (set by the user),
the predicted arrival time of an aircraft at a position P
under uncertainty lies in the interval:

[tP − tε , tP + tε],

where tP is the assigned arrival time to point P. For
the purpose of potential conflict detection, we assume
here that the predicted aircraft arrival time can be mod-
eled as a random variable with the following triangu-
lar distribution defined over the interval [tP−tε , tP+tε].
Given the lower limit tP − tε , the upper limit tP + tε ,
the predicted arrival time, denoted t̂P, to the position
P is given by the probability density function:

t̂P(t) = TP,tε (t),

where TP,tε (t) denotes the triangular distribution.
Figure 2 illustrates the uncertainty of arrival time

of two aircraft A and B to the trajectory sample points
P and Q respectively defined by a triangular distribu-
tion function over the time interval [tP− tε , tP + tε] and
[tQ − tε , tQ + tε] respectively.

t	  

t	  

! tP ,t"
tP

tQ tQ + t!tQ ! t!

tP + t!tP ! t!

! tQ ,t"

P	  

Q	  

1
t!

1
t!

Figure 2 Uncertainty of aircraft arrival time, defined
by triangular distribution over given time intervals
(left: view in the space domain; right: view in the
time domain).

3.2 Interaction between trajectories
The concept of interaction between trajectories is

introduced in [7]. It is a measurement that indicates
when two or more trajectories occupy the same space
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at the same period of time. It is different from the
conflict situation, which corresponds simply to a vi-
olation of the minimum separation (i.e. 5 Nm hori-
zontally and 1,000 ft vertically). Additional separa-
tion conditions, such as time separation, topology of
trajectory intersection, distance between trajectories,
etc. can also be taken into account in the concept of
interaction.

To explain the process to determine the interaction
between aircraft trajectories, let us first consider two
trajectories A and B, and let P and Q be any pair of
sample points on the trajectories A and B respectively.
To consider deterministic uncertainty model, we must
check whether the minimum separations, Nr

h and Nr
v

is satisfied, between every possible pair of points such
as P and Q (pair-wise comparisons). A potential con-
flict between trajectories A and B, taking into account
uncertainties, can occur when the three following con-
ditions are satisfied for a certain pair of sample points,
P and Q, from each trajectory:

• dh :=
√

(xP − xQ)2 + (yP − yQ)2 < Nr
h.

• dv := |zP − zQ| < Nr
v .

• [tP−tε , tP+tε]∩[tQ−tε , tQ+tε] , ∅, i.e. |tP−tQ| ≤

2tε .

When the above conditions are satisfied, we say that
point P is in conflict with point Q taking into account
the deterministic-type uncertainty.

Let us define further

CD(P,Q) =

1 if point P is in conflict with point Q
0 otherwise.

(1)
With the above definitions, the interactions at point

Pi,k, denoted ΦD
i,k, may be defined as the total number

of times the protection volume around point Pi,k tak-
ing into account the deterministic-type uncertainty is
violated. Therefore, ΦD

i,k is given by

ΦD
i,k =

N∑
j=1
j,i

K j∑
l=1

CD(Pi,k, P j,l). (2)

where Ki is the number of sampled points of trajectory
i.

Finally, the robust total interaction between tra-
jectories, that we are minimizing, is:

ΦD
tot =

N∑
i=1

Ki∑
k=1

ΦD
i , (3)

where N is the total number of trajectories.
In the probabilistic uncertainty context, we de-

fine a robust interaction at a point P based on the
probabilistic-type uncertainty, to be the sum of all the

probabilistic interaction associated to point P. Hence,
we have

ΦP
i,k :=

N∑
j=1
j,i

K j∑
l=1

Ptε (Pi,k, P j,l), (4)

where K j are the number of sampling points for tra-
jectory j, and where Ptε (PA, PB) is the probabilistic
interaction associated to the sample points PA and PB
of trajectory A and B respectively.

Therefore, the total interaction between trajecto-
ries, ΦP

tot, for a whole N-aircraft traffic situation is
simply defined as:

ΦP
tot =

N∑
i=1

ΦP
i =

N∑
i=1

Ki∑
k=1

ΦP
i,k. (5)

3.3 Rout/Departure-Time/Flight level Allocation
The objective of this work is to allocate an alter-

native trajectory, an alternative departure time, and al-
ternative flight level for each aircraft in order to mini-
mize the total interaction between trajectories, taking
into account uncertainty of aircraft position and time.

Given data. A problem instance is given by:

• A set of initial N discretized 4D trajectories;

• The number of allowed virtual waypoints, M;

• The maximum allowed advance departure time
shift of each flight i, δi

a < 0 ;

• The departure time shift step size, δs;

• The maximum allowed delay departure time shift
of each flight i, δi

d > 0;

• The maximum allowed route length extension
coefficient of each flight i, 0 ≤ di ≤ 1;

• The length of the initial en-route segment of
each flight i, Li,0.

The alternative departure time, the alternative route,
and the alternative flight level to be allocated to each
flight are modeled as follows.

Alternative departure time. The departure time
of each flight can be shifted by a positive (delay) or
a negative (advance) time shift. Let δi ∈ ∆i be a de-
parture time shift attributed to flight i, where ∆i is a
set of acceptable time shifts for flight i. The depar-
ture time ti of flight i is therefore ti = ti,0 + δi, where
ti,0 is the initially-planned departure time of flight i.
The departure time shift δi will be limited to lie in the
interval ∆i := [δi

a, δ
i
d]. Common practice in airports

conducted us to rely on a discretization of this time
interval using time-shift step size δs.

Alternative trajectory design. In this work, an
alternative trajectory is constructed by placing a set of
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virtual waypoints, denoted wi = {wm
i |w

m
i = (wm

ix′ ,w
m
iy′ )}

M
m=1,

near the initial en-route segment and then by recon-
necting the successive waypoints with straight-line seg-
ments as presented in [7]. To limit the route length
extension, the alternative en-route profile of flight i
must satisfy: Li(wi) ≤ (1 + di)Li,0, where Li(wi) is the
length of the alternative en-route profile determined
by wi. More detail about the method to modify the
trajectory is presented in [7].

	  wi
1	  

wi
2	  

departure	  
airport	  

des/na/on	  
airport	  

longitud
inal	  axis	  lateral	  a

xis	  

x	  (Nm)	  

y	  (Nm)	  

O	  

bi.Li	  

ai.Li	  

En	  route	  
TMA	  

TMA	  

Wi
1	  

Wi
2	  

alterna/ve	  trajectory	  

ini/al	  trajectory	  

Figure 3 Initial and alternative trajectories with
rectangular-shape possible location of M = 2 virtual
waypoints.

Alternative flight level. Another variable to mod-
ify the trajectory of each flight i is a flight-level shift
li ∈ Z. Therefore, the flight level, FLi, of flight i is
given by: FLi = FLi,0 + li, where FLi,0 is the initially-
planned flight level of flight i. Figure 4 shows a tra-
jectory with two alternative flight levels. In order to
limit the change of flight levels,the set, ∆FLi, of all
possible flight-level shifts for flight i is set to:

∆FLi := [FLi,0 − li,max, . . . , 0, . . . , FLi,0 + li,max],

where li,max is the (user-provided) maximum flight level
shifts allowed to be allocated to flight i.

z	  ($)	  

&me	  (seconds)	  

alterna&ve	  trajectory	  

ini&al	  trajectory	  

FL	  320	  

FL	  300	  

FL	  340	  

Figure 4 Two alternative vertical profiles for a trajec-
tory (two alternative flight levels).

4 INTERACTION DETECTION
In order to evaluate the objective function, we rely

on a grid-based interaction detection scheme which is
implemented in a so-called hash table as presented in
[6, 7].

First, the airspace is discretized using a four-dimensional
grid (3D space + time), as illustrated in Figure 5.
The size of each cell in the 4D grid is defined by the
minimum separation requirement and the discretiza-
tion time step, ∆t. Then, for each given 4D coordi-
nate Pi,k(xi,k, yi,k, zi,k, ti,k) of each trajectory i, we iden-
tify which cell, says Ci, j,k,t, of the 4D grid contains
Pi,k(xi,k, yi,k, zi,k, ti,k).

t0	   t1	   t2	   .	  .	  .	   tn	  

(me	  x	  
y	  

z	  
x	  

y	  

z	  
x	  

y	  

z	  
x	  

y	  

z	  

Figure 5 Four-dimension (3D space - time) grid for
conflict detection.

Next, we consider each such cell Ci, j,k,t and we
successively check its surrounding cells correspond-
ing to the time period [tp − 2tε, tP + 2tε]. If one cell
is occupied by an aircraft other than aircraft i itself,
the horizontal distance (dh) and the vertical distance
(dv) between the corresponding aircraft coordinates
are measured. A violation of protection the volume
is identified when both dh < Nr

h and dv < Nr
v . When a

violation of protection volume is identify, the interac-
tion is computed using 2 or 4 depending on the type
of uncertainty model considered.

In order not to underestimate interaction, one can
simply choose a sufficiently small value of ∆t. How-
ever, using small sampling-time step leads to large
computation time and memory. Instead, we propose
an inner-loop algorithm, detecting interaction between
two sampling times, t and t + ∆t, by interpolating
aircraft positions with a sufficiently small step size,
tinterp. Then, one checks each pair of these interpo-
lated points. The algorithm stops when an interac-
tion is identified or when every pair of the interpo-
lated points have been checked. More details of this
interaction detection algorithm is presented in [7].

5 RESOLUTION ALGORITHM
To solve the strategic trajectory planning problem,

we rely on a hybrid metaheuristics approach adapted
to handle an air-traffic assignment problem at the con-
tinent scale. The proposed hybrid algorithm combines
the Simulated Annealing (SA) and the Local Search
(LS) algorithm such that the local search is considered
as an inner-loop of the SA, which will be performed
when a pre-defined condition is satisfied.
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Parameter Value

Sampling time step, ts 20 seconds
Discretization time step for possible departure-time shift, δs 20 seconds
Maximum departure time shift, deltai

a = δi
d := δ 120 minutes

Maximum allowed route length extension coefficient, di 0.20
Maximum allowed flight level shifts, li,max := lmax 0
Maximum number of virtual waypoints, M 3

Table 1 Chosen (user-defined) parameter values
specifying the robust optimization problem for the
national-size air traffic.

Simulated annealing is a method of optimization
that is well known for its ability to escape from lo-
cal minima by allowing occasional moves that dete-
riorate the value of the objective function, such dete-
riorating moves being less and less as the number of
iterations grows. More detail on simulated annealing
can be found, for instance, in [11]. For our problem,
the simulated annealing proceeds as presented in [7].

Hill-climbing local search only moves to a new
solution only if it yields a decrease of the objective
function. The process repeats until no further im-
provement can be found or until the maximum num-
ber of iterations nTLOC is reached. The two local-search
modules correspond to the two following strategies:

• Intensification the search on one Particular Tra-
jectory (PT). Given a flight i, this state-exploitation
step focuses on improving the current solution
by applying a local change from the neighbor-
hood structure only to flight i.

• Intensification the search on the Interacting Tra-
jectories (IT). Given a flight i, this state-exploitation
step applies a local change, from the neighbor-
hood structure, to every flight that is currently
interacting with flight i.

Hybrid algorithm combines the above-mentioned
methods using pre-defined parameters, that controls
the probabilities to carry out each method. The prob-
ability to carry out simulated-annealing step, PS A, is:

PS A(T ) = PS A,min + (PS A,max − PS A,min) ·
T0 − T

T0
,

where PS A,max and PS A,min are the maximum and min-
imum probabilities to perform the SA (pre-defined by
the user). The probability of running a hill-climbing
local search module, PLoc, is given by:

PLoc(T ) = PLoc,min + (PLoc,max − PLoc,min) ·
T0 − T

T0
,

where PLoc,max and PLoc,min are the maximum and min-
imum probabilities to perform the local search (de-
fined analogously). And, finally the probability of
carrying out both SA and the local search (succes-
sively), PS L, is:

PS L(T ) = 1 − (PS A(T ) + PLoc(T ))

A key factor in tuning this hybrid algorithm is to reach
a good trade off between exploration (diversification)
and exploitation (intensification) of the solution space,
i.e. a compromise between fine convergence towards
local minima and the computation time invested in ex-
ploring the whole search space.

6 NUMERICAL RESULTS
The proposed hybrid SA / LS algorithm is imple-

mented in Java and run on an AMD Opteron 2 GHz
processor with 128 Gb RAM. It is tested with two dif-
ferent uncertainty models, using real air traffic data at
nation-wide and continent scale.

6.1 Deterministic uncertainty model
First, the proposed algorithm is tested on national-

size and continent-size air traffic, considering deter-
ministic uncertainties model.

National-size air traffic data First, we test the
proposed methodology on the full-day national-size
en-route air traffic over the French airspace (Problem
instance 1) involving 8,836 trajectories. Simulations
are performed with different values for the parame-
ters Rh, Rv, and tε , defining the size of the uncertainty
sets. The parameter values chosen to specify the opti-
mization problem are given in Table 1. The initial and
final total interaction between trajectories, the com-
putation time, and the number of iterations performed
to solve the problems considering different levels of
uncertainty are reported in Table 3 (the vertical uncer-
tainty radius, Rv, is used only when aircraft are climb-
ing and descending).

Parameter Value

Number of iterations at each temperature step, NI 200
Initial rate of accepting degrading solutions, τ0 0.3
Geometrical temperature reduction coefficient, β 0.99
Final temperature, T f (1/500).T0

Inner-loop interpolation sampling time step, tinterp 5 seconds
Probability to modify horizontal flight profile, Pw 1/3
Probability to modify flight level, Pl 1/3
Threshold value, Φτ 0.5 Φavg

Table 2 Empirically-set (user-defined) parameter val-
ues of the resolution methodology to solve the
national-size air traffic.

The size of the uncertainty set affects the resolu-
tion time and the final total interaction between tra-
jectories. When increasing the time uncertainty, the
initial interaction increases significantly (cases 1, 3,
4 and 5), and the algorithm requires more compu-
tation time to converge. The algorithm reaches an
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case uncertainty set initial final solved CPU no. of
dimensions ΦD

tot ΦD
tot interactions time (minutes) iterations

Rh = 0 Nm.
1 Rv = 0 feet. 2,282,436 5,934 99.7% 1,093.8 1,083,215

tε = 180 seconds.

Rh = 1 Nm.
2 Rv = 100 feet. 765,448 0 100.0% 101.1 97,400

tε = 60 seconds.
Rh = 1 Nm.

3 Rv = 100 feet. 1,425,384 4,314 99.7% 1,809.0 1,791,000
tε = 120 seconds.
Rh = 1 Nm.

4 Rv = 100 feet. 2,821,706 37,290 98.7 % 2,213.3 2,191,970
tε = 240 seconds.
Rh = 2 Nm.

5 Rv = 100 feet. 5,000,430 110,021 97.9% 2,289.8 2,266,956
tε = 240 seconds.

Table 3 Initial and final total interaction between tra-
jectories for the national-size air traffic, considering
different dimensions for the deterministic uncertainty
set.

interaction-free solution for the case 2. It solves up
to 99.7% of the initial interactions in the remaining
cases (1, 3, 4, and 5), within computation times that
are still compatible in a strategic planning context (the
worst run, case 5, involving less than 38 hours of CPU
time).

Continent-size traffic data Then, the hybrid al-
gorithm is tested on an air traffic data, involving en-
route air traffic over the European airspace. The data
set is a full day of air-traffic over the European airspace
on July 1, 2011. It consists of 30,695 trajectories sim-
ulated with optimal vertical profiles and with direct
route. The user-defined parameter values specifying
the optimization problem are the same as those given
in Table 1. The maximum allowed flight level shifts,
li,max is set to 0 due to the lack of data. The parameter
values of the hybrid-metaheuristic algorithm are the
same as those given in Table 2, with NI = 4, 000.

The initial and final total interaction between tra-
jectories, and the computation time to solve the prob-
lem considering different levels of uncertainty are re-
ported in Table 4. Although the trajectories can be
separated only by modifying the horizontal flight pro-
file and the departure time of each flight, the resolu-
tion algorithm finds an interaction-free solution, tak-
ing into account uncertainty of aircraft positions, for
problem instance in case 2. When time uncertainty is
considered (case 1), there remains less than 15% of
the initial interaction between trajectories.

6.2 Probabilistic uncertainty model
Then, the proposed robust strategic 4D trajectory

planning methodology is tested based on the probabilistic-
type uncertainty model. The parameters of the hy-
brid simulated-annealing / local-search are the same
as those presented in Table 2. The simulations are per-
formed considering successively aircraft maximum time
uncertainty, tε , of 1 up to 4 minutes, respectively. The

initial and final interaction between trajectories and
the required computation time are reported in Table
5. Remark that the initial total interactions between
trajectories are significantly smaller than those of the
worst-case-oriented approach. This is not surprising,
since in the later (deterministic) case one counts one
interaction when in the former (probabilistic) case there
is even only a tiny positive probability of conflict.

The proposed strategic trajectory planning method-
ology is able to find interaction-free trajectory plan-
ning for all cases. When considering higher level of
time uncertainty (4 minutes), the solution space be-
comes more constrained and therefore the algorithm
requires more computation time to converge

Now we test the algorithm with the continent-size
air traffic considering en-route air traffic.The param-
eter values that specify the problem under considera-
tion are, here again, the same as those given in Table
1. The parameters of the hybrid SA / LS are the same
as those given in Table 2, with the number of itera-
tions at each temperature step, NI empirically set to
2,000, more than for the above, smaller, national-size
instance (NI =200).

The initial and final interactions between trajecto-
ries, and computation time to solve the problem are
reported in Table 6. Recall again that, as in the case
without uncertainty, alternative flight levels for this
continent-size instances are not available. Therefore,
due to this lack of data, these problem instances can
be separated only by modifying the horizontal flight
profile and by modifying the departure time of air-
craft.Nevertheless, there still remains less than 7% of
the initial interactions taking into account the probabilistic-
type time uncertainty.

7 CONCLUSIONS
In this paper, we have presented a methodology to

solve 4D trajectory planning problem considering un-
certainty of aircraft position and arrival time at strate-
gic planning level. First, the uncertainties have been
modeled with deterministic sets. The algorithm was
tested on national-size and continent-size air traffic.
To avoid being too conservative, probabilistic-type un-
certainty sets were then considered.

case uncertainty initial final solved CPU time no. of
set dimensions ΦD

tot ΦD
tot interactions (minutes) iterations

Rh = 3 Nm.
1 Rv = 200 feet. 5,142,632 634,474 87.7 % 2,756.2 2,728,776

tε = 60 s.
Rh = 3 Nm.

2 Rv = 200 feet. 430,234 0 100.0 % 347.6 345,528
tε = 0 s.

Table 4 Initial and final total interaction between tra-
jectories for the continent-scale air traffic with differ-
ent dimensions for the deterministic uncertainty set.
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tε initial final solved CPU time No. of
(seconds) ΦP

tot ΦP
tot interactions (minutes) iterations

60 217,441.37 0.0 100.0 % 116.07 114,970
90 274,953.55 0.0 100.0 % 175.4 173,736

120 383,967.60 915.04 99.8 % 586.3 1,031,730
240 718,374.42 1,547.13 99.8 % 1,052.4 1,041984

Table 5 Numerical results for the national-size air traf-
fic considering four different levels of aircraft maxi-
mum time uncertainty (1 to 4 minutes) based on prob-
abilistic uncertainty model.

case tε initial final solved CPU time no. of
(seconds) ΦP

tot ΦP
tot interaction (minutes) iterations

1 60 529,555.5 12,550.0 97.6 % 1,341.7 1,328,152
2 120 1,079,738.4 40,706.2 96.2 % 2,254.2 2,231,881

Table 6 Numerical results for the continent-size in-
stances, considering two different levels of time un-
certainty based on probabilistic uncertainty model.

The level of uncertainty to be considered is a trade-
off between the desired robustness of the solution ob-
tained and the associated trajectory modifications costs,
to be decided by the user. Considering too important
uncertainty in strategic planning will, indeed, results
in a lost of capacity, since large portions of airspace
have to be cleared for a given aircraft for a long period
of time. Instead, the user can consider lower uncer-
tainty levels, and iteratively solve the remaining in-
teractions during pre-tactical and tactical phases.
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